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An Implicit Factored Scheme for the Compressible
Navier-Stokes Equations

Richard M. Beam* and R. F. Warming}
NASA Ames Research Center, Moffett Field, Calif.

An implicit finite-difference scheme is developed for the numerical solution of the compressible Navier-Stokes
equations in conservation-law form. The algorithm is second-order-time accurate, noniterative, and spatially
factored. In order to obtain an efficient factored algorithm, the spatial cross derivatives are evaluated explicitly.
However, the algorithm is uncenditionally stable and, aithough a three-time-ievel scheme, requires only two
time levels of data storage. The algorithm is constructed in a ‘‘delta’ form (i.e., increments of the conserved
variables and fluxes) that provides a direct derivation of the scheme and leads to an efficient computational
algorithm. In addition, the delta form has the advantageous property of a steady state (if one exists) independent
of the size of the time step. Numerical results are presented for a two-dimensional shock boundary-layer in-

teraction problem.

I. Introduction

UMERICAL computations based on the full com-

pressible Navier-Stokes equations first appeared slightly
more than a decade ago. During the relatively brief in-
tervening period, considerable advancement has been made in
the calculation of both two- and three-dimensional flowfields.
A comprehensive summary of finite-difference methods and
calculations for the 1965 to 1975 period has been made by
Peyret and Viviand' and we will not attempt to duplicate their
review. Both explicit and implicit numerical methods have
been successfully applied to a variety of flow calculations, and
neither method has reached its full potential. Traditionally,
implicit numerical methods have been praised for their im-
proved stability and condemned for their large arithmetic
operation counts. Hence, the choice of an implicit algorithm
implies that the time-step limit imposed by an explicit stability
bound must be significantly less than the time-step limit
imposed by the accuracy bound. This situation commonly
arises in the numerical solution of a time-dependent system of
flow equations and results from disparate characteristic
speeds and/or length scales. (Such problems are often said to
be “‘stiff.”’)

Undoubtedly, the most significant efficiency achievement
for multidimensional implicit methods was the introduction
of the alternating-direction-implicit (ADI) algorithms by
Douglas,? Peaceman and Rachford,® and Douglas and
Gunn,* and fractional step algorithms by Yanenko.’ Recent
interest in implicit methods for systems of nonlinear partial
differential equations has been spurred by the development of
noniterative ADI schemes by Lindemuth and Killeen, ¢ Briley
and McDonald,” and Beam and Warming.® Additional
impetus for the development of implicit methods is derived
from the trend of current computer hardware development to
be limited by data transfer speed rather than the speed of the
arithmetic units.

" An efficient implicit finite-difference algorithm for the
Eulerian (inviscid) gasdynamic equations in conservation-law
form was recently developed.® The purpose of this paper is to
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extend that algorithm to include the compressible Navier-
Stokes equations (Sec. II). The extended algorithm is
noniterative and retains the conservation-law form which is
essential for the proper trcatment of embedded shock waves
{“*shock capturing’’)., The temporal difference approximation
has been generalized to retain a variety of schemes including a
three-level scheme requiring only two levels of data storage.
The development and final algorithm make extensive use of
the “*delta’® form (increments of the conserved variable and
flux vectors) to achieve analytical simplicity and numerical
efficiency. The delta formulation also retains the ad-
vantageous property of a steady state (if one exists) in-
dependent of the time step. The method of approximate
(spatial) factorization is used to implement the schieme as an
ADI sequence. A three-level scheme allows the spatial cross-
derivative terms to be included efficiently in a spatially
factored second-order-time-accurate algorithm without
upsetting the unconditional stability of the algorithm.

In Sec. I we develop an implicit time-dependent bound-
ary-condition scheme. We consider two physical problems
that provide a variety of boundary conditions. A linear
stability analysis, based on model two-dimensional convective
and diffusive scalar equations, is summarized in Sec. IV. The
analysis indicates that the factored, second-order-accurate
scheme is unconditionally stable. A method for adding
numerical dissipation, when required, is presented in Sec. V.

Numerical examples in Sec. VI include the transient
development of Couette flow and the oscillatory flow
generated by a wall moving with sinusoidal velocity in its-own
plane. The purpose of these simple flow calculations was to
test the algorithm and boundary conditions on unsteady
problems for which the exact solutions are known. As a more
severe test of the algorithm, the numerical solution of a two-
dimensional shock boundary-layer mteraction flow was
computed. The results of the numerical examples indicate
numerical stability and accuracy for Courant numbers much
greater than unity,

II. Algorithm Development

The two-dimensional compressible Navier-Stokes equations
can be written in the conservation-law form
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where U is the vector of conserved variables and F, G, V, and
W are flux vectors (see the Appendix for details). A single-
step temporal scheme for advancing the solution of Eq. (1) is®
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where U"=U{(nAt) and AU"=U"*'—-U". The time-
differencing formula (2), with the appropriate choice of the
parameters ¢ and 6, reproduces many familiar two- and three-
fevel, explicit and implicit schemes as listed in Tabie 1. In
addition it encompasses other variations including virtually
all of the time-difference approximations for the diffusion
equation given by Richtmyer and Morton!® (p. 189). Note
that scheme (2) is second-order-accurate when §=25+¢ and
first-order-accurate otherwise. In the applications which
follow we are primarily interested in the three-level, second-
order-accurate scheme =1, £ = 2%, In this paper we will not
consider the explicit schemes; however, the versatility of the
more general class of schemes in the analytical development
and the algorithm programming can be achieved with a
modicum of effort.

If Eq. (1) is solved for aU/dt (i.e., F, and G, are moved to
the right side) and the resulting expression for the temporal
derivative is inserted in Eq. (2), we obtain

OAr
AU = [—( —~AF" + AV +AVE)
I1+¢

+ % (—AG” +AW’}+AWS)}

Iitg [—( F+V,+ V)" +—(—G+W1+Wz) ]
+1£T£AU" 1+o[(e—§—s)m2+m3} 3)

where F"* = F(U**'), AF" =F"*1 _F" etc. In Eq. (3) and
in the equations to follow, the vector denoted by the symbol

=U{nAt) is assumed to be a solution of the partial-
differential Eq. (1). Whend/3x and 3/3y are approximated by
difference quotients, then the symbol U” is replaced by U7,
wherex=IAx, y=jAy, and the order symbol O[(8— 72— §)
Af? + A’} will be dropped. The resulting formula will then be
the numerical algorithm and U}; will denote the numerical
solution.

If the spatial derivatives of Eq. (3) were approximated by
finite differences, the first obvious difficulty in solving the
algebraic equations for AU” would be the nonlinearity of the
set of equations. The nonlinearity is a consequence of the fact
that the flux vector increments (AF™”, AG”", AV", AW") are
nonlinear functions of the conserved variables U. A linear
equation with the same temporal accuracy as Eq. (3) can be
obtained if we use the Taylor series expansion

oF
prei=pr () (U - um) +0(ar)

Table 1 Partial list of schemes contained in Eq. (2)

[/ 13 Scheme Truncation error
0 0 Euler, explicit O(A?)
0 — Leapfrog, explicit o(Ar)
23 0 Trapezoidal, implicit oAy
1 0 Euler, implicit O(Ar?)
1 Va 3-point-backward, implicit o(ar’)
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or
AF = A"AU" + O(AF) (4a)

where A is the Jacobian matrix-6F/0U [Appendix, Eq. (A9)].
Likewise,

3G
AG" = (aU)AU”+O(At2) BUAU"+0(A?)  (4b)
AV"—( )AU" (aV’)nAU"+O(At2)
! U, x
=P"AU" +R"AU+O(AF)
3 .
=(P—R,)"AU" + > (RAUY " +0(Ar?) (4c)

where P is the Jacobian 8V, /dU, R is the Jacobian dV,;/3U,,
and R, =dR/dx. Similarly,

=(Q—Sy)"AU"+%(SAU)"-!—O(AI‘Z) (4d)

A second, but perhaps less obvious, difficuity arises from
the spatial cross-derivative terms dV,/dx and oW,/dy. If
these terms were treated in the same manner as Eq. (4) we
would encounter considerable difficulty in constructing an
efficient spatially factored algorithm. Another method of
treating these cross-derivative terms is to evaluate them ex-
plicitly. This can be done without loss of accuracy and with
minimal computational effort if we note that

AVI=AVI 1 +0(AF7), AWI=AWI"!4+0(A?) (5)
for a uniform time step Af. One might anticipate that the
explicit treatment of the cross-derivative terms would have an
adverse effect on the numerical stability; however, the final
factored implicit algorithm will be unconditionally stable
(Sec. IV). )

If the approximations in Egs. (4) and (5) are introduced in
Eq. (3), we obtain
: 6AL 87
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where a # has been introduced in the coefficient of the cross-
derivative terms for notational convenience.i For second-

{In Eq. (6) and throughout the remainder of this paper, notation of
the form

]
[~ (A—P+R,)"] AU"
ox

denotes

a
— 1 (A—=P+R YTAU" |, etc.
ax x
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order-accurate schemes § should be set equal to §. However,
for first-order-accurate schemes {(## /2+£) it is consistent
and, for some calculations, advantageous to set § equal to
zero. The spatially factored form of Eq. (6) which retains the
temporal accuracy can be easily obtained if we note that

o s lremo- o]
X [1+ fitg [% (B—Q+S,)"~ a‘;—zz (S)"BAU"
=LHS(6)+ O(Ar) 9

where LHS (6) is used to indicate the left-hand side of Eq. (6).
Thus, a spatially factored algorithm with the same temporal
accuracy as Eq. (3) but linearin AU is

2

e R Ll |
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In practice Eq. (8) is implemented by the sequence

{1+ bar [i (A—P+1éx)" - % (R)”BAU* =RHS()

I+&Lox
(%a)
BAr [ 8 32
[+ o Loy B0+ 50— g o [Javr=av- o)
Un+l___un +AU” (9C)

The spatial derivatives appearing in Eq. (9) are to be ap-
proximated by appropriate finite-difference quotients. For
example, the following three-point second-order-accurate
central-difference approximations were used for the
numerical computations described subsequently:

af f‘+1j_f'—1j '

= = N 4 o(Ax? 10
ax 1, 3 +0(Ax°) (10a)
Ff S =2+ o :
— | =t WM L O(Ax? 10b
ax? |, S {4x?) (10b)

with analogous formulas for the y derivatives. With three-
point central-difference approximations, the x and y opera-
tors on the left side of Egs. (9a) and (9b) each require the
solution of a block-tridiagonal system of equations with each
block having dimensions g by ¢, where ¢ is the number of
components of U{(g=4 for the two-dimensional Navier-
Stokes equations). However, the block-tridiagonal solution
algorithm!' is the same as that required in the original
algorithm?® for the Eulerian (inviscid) equations. The ad-
ditional computational effort generated by the viscous terms
is reflected in the evaluation of the coefficient matrices P, R,
Q, and S and the flux vectors Vand W.

IMPLICIT FACTORED SCHEME FOR COMPRESSIBLE EQUATIONS 395

Although Eq. (8) contains three time levels of data (n+ 1, &,
n—1), only two “‘levels” of data, U and AU, need be stored
for each spatial grid point. The computation of the spatial
differences of the incremental ¥V, and W, [cross-derivative
terms in the right-hand side of Eq. (8)] requires the
“reconstruction’ of U"~!; however, the cost of computing
these terms is only a few percent of the total computation
cost.

The algorithm (9) is valid for an arbitrary equation of state
of the form

p=plp,m,n,e) (1ia)
which includes the more restrictive classes, for example,
p=p(p,€) (11bj
where ¢ is the internal energy per unit mass, that is,
e=pe+ (1) (M’ /p+ 77 /p) =pe+ (¥2)p(u’ +0v7)

This generality is easily seen if we note that the only
assumption on the form of Fis that F=F(U) which implies
[Eq. (A2)] that p=p(U) or p=p(p,mne). For the
numerical applications in the paper, the equation of state for
a perfect gas has been used, e.g., the Jacobians (A9) and
(A10). If a more complicated equation of state is given {(even a
table look up) where the Jacobians cannot be computed
analytically, they can be computed numerically as needed.

The Jacobian matrices 4, B, R, and § [Egs. (4)] for the
compressible Navier-Stokes equations with a perfect gas
equation of state have relatively simple elements [see Ap-
pendix, Egs. {(A9-A12)]. In general the transport coefficients,
A and y, are functions of the temperature which is a function
of the elements of U [Eq. {A8)]. Consequentiy, the Jacobian
matrices P and Q have quite complex elements in the most
general case. For some cases certain physical approximations
can be made that significantly simplify the calculations. For
example, if the transport coefficients are changing slowly with
time, the Jacobians P and Q [Egs. (4¢) and (4d)] can be
adequately represented by neglecting the dependence of A, g,
and x on U [i.e., Egs. {Al13) and (Al4)]. Further sim-
plifications occur if the transport coefficients are assumed to
be locally constant in which case —P+R,=0, —Q+S8,=0,
and the left-hand side of Eqgs. (9a) and (9b) contain only the
Jacobians A, B, R, and S. Note that the steady-state solution
(if one exists), which forms part of the right-hand of Eq. (8),
is not affected by the assumptions made in computing the
Jacobians.

At the start of the calculation (f=rnAr=0) we assume that a
complete description of the initial flowfield is provided at
cach mesh point. In general, the algorithm in Eq. (9) is a
three-level scheme and two levels of starting data are required.
However, if two levels of initial data are not available, the
second level can be obtained by applying the algorithmn as a
two-level scheme for one step; for example, §=£=0.

iif. Boundary Conditions

The application of the algorithm (9) at the boundaries of
the computation region can be conveniently explained by
stepping through the sequence of operations required to
advance the solution from level n to n+ 1. Two physical
problems, which provide a variety of boundary conditions,
are considered in the following discussion. For both problems
the spatial computational domain is divided into a rectangular
Cartesian grid x=IiAx, y=jAy.

The first problem (Fig. 1a) is a Couette flow where the
upper and lower boundaries {f=1, J) are rigid walls which
may have nonzero velocity in their own plane. The other
boundaries (i=1, I) are prescribed by spatiaily periodic
(period = ) boundary conditions.
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The second problem (Fig. 1b), a shock boundary-layer
interaction, has a supersonic flow into the region i=1, j=1,
J. The flat plate (j=1, i=17IL to I) is a rigid wall and ahead of
the leading edge (j=1, i=2 to IL—1) a y-symmetry condition
is applied. The upper boundary conditions (f=J) are chosen
to generate the shock wave that impinges on the flat plate.
Ahead of the shock (j=J, i=1to IS— 1) the supersonic inflow
conditions are chosen and behind the shock (j=J, i=ISto I)
the post-shock conditions are set. At the final boundary (i=1,
J=1 to J) the outflow conditions are parabolic in the
boundary layer and hyperbolic in the freestream which permit
extrapolation of data from the interior to the boundary.

Next we consider the details of the numerical application of
the boundary conditions. First, we examine the explicit
portion of the boundary conditions and then the implicit
portion.

Explicit Portion

The first encounter with the boundary conditions occurs in
the evaluation of the ‘“‘steady-state’’ portion of the right side
of Eq. (8), that is,

d i .
5;(—F"+V7+V5')+E(—G"+W',’+W§) (12)

Expression (12) is called the steady-state portion because this
quantity will be equal to zero if the solution converges (i.e.,
AUN =0). The spatial accuracy of this portion of the
calculation thus determines the spatial accuracy of the steady-
state solution.

Let us begin with the treatment of a rigid boundary (Fig. -

la, j=1). If three-point central differences are used to ap-
proximate 3/dx and d/8y in expression (12), the boundary
Jj=11isencountered in the 3/3y approximation and we require

(=G "+ Wi+ W3),., 13)

where, for simplicity, the 7.index is suppressed. Since v and v
are prescribed on the boundary (¥;-, =0, v;_, =0) and T can
be obtained from the condition at the wall (e.g., by ex-
trapolation from the flowfield at an adiabatic wall,
dT/3y=0), the W part of expression (13) [see Appendix, Eq.
(A5)] is easily obtained by using one-sided difference ap-
proximations for (du/dy);=, and {dv/8y) ;- ,; for example,

du —3u;+4u; —uy
- =" 1+ 0(Ay?) (14
ay b=y 248y ‘

The no-slip boundary conditions (¢;—; = 0, v;-; =0) simplifies
the computation of G;.;, Eq. (A3), to the evaluation of p;_,
that is, :

S O

Gj:l = (15)

S T

j=1

We use the normal momentum equation

L () g (2 o) A2 t)
a  dx\ p 3ypp ax”ax ay

i[()\+2 )—aE +)\aiJ—0 16
ay L~ # ay ax 1 (16
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21
j=1%
i=1

a)

Fig. 1 Indexing of computational mesh for flow calculations: a)
Couette flow mesh, b) shock boundary-layer mesh.

with the no-slip boundary condition (u;_;=v,_;=0) to
obtain

8p 9 du d /. du a3 v

W1 (82 2 (62 2 [z ™))

ay L, {ax@ay) ay( ax ay ( ﬂ)ay =1
17

If dp/ady is approximated by a one-sided difference quotient,
for example

a —
P P27l Ay (18)
ay = Ay

and the right side of Eq. (17) is evaluated by an appropriate
difference approximation (¥ and v are known at all grid
points), then we obtain an explicit expression for p on the
boundary (p,). The use of a first-order approximation [Eq.
(18)] is based on the hypothesis that the global accuracy of a
second-order scheme is retained if first-order approximations
are applied at the boundaries (see, e.g., the work of Kreiss and
Oliger '?). Alternatively, Eq. (18) could easily be replaced by
the second-order approximation

a0

p =(—p;+4p,—3p;)/(2Ay) + O(4Ay?)
Y =1

If the rigid wall were moving in its own plane (u4,_; =u, (1),
v;-, =0) the analysis would proceed as before except with the
proper prescription of #;_,. The upper boundary (j=J) of the
Couette flow problem is identical in treatment to the lower
boundary. At the other boundaries, i=1, i=/, spatially
periodic boundary conditions are applied, that is, U,=U,,
U[ = U,‘ Is

The supersonic inflow boundary conditions for the shock
boundary-layer problem (Fig. 1b) were fixed at freestream .
values U,_; = Upeesiream - These same freestream conditions
were applied at the upper boundary ahead of the shock (/=J,
i=1 to IS—1). The postshock conditions were fixed at the
remaining upper boundary points (f=J, i=ISto I}. Since the
character of the flow in the boundary layer far downstream is
parabolic and the flow in the freestream hyperbolic (super-
sonic), the outflow conditions were obtained by simple ex-
trapolation, U, =U,_,. The low-order extrapolation is used
since no influence should be felt upstream in the region of the
shock boundary-layer interaction. The boundary conditions
upstream of the plate leading edge (=1, i=1to IL — 1) were
obtained from the flow symmetry conditions about the x axis,

du

T
ay

=: OV

= =v|._ =0
=1 0y =1

=1

and appropriate one-sided difference approximations, for
example, Eq. (18).
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Impticit Portion

The previous discussion dealt with the steady-state portion
of the calculation. The treatment at the boundaries was
identical to that one might use for an explicit numerical
scheme. We consider now the remainder of the algorithm and
the effect of the implicit algorithm on the treatment of the
boundary conditions.

After the computation of the right-hand side of Eq. (8) we
proceed to the implicit x sweep [Eq. (92)]. Three-point central-
difference approximations for the derivatives 4/dx and
32 /3x? produce a system of block-tridiagonal equations

L, AU+ MAUH N, AU =H,,

=2, I-1 (19

where L, M, and N are 4 X 4 matrices. The periodic boundary
condition for the Couette flow (U;=U,, U,=U,_,) are
applied to Eq. (19) produces the periodic block-tridiagonal
system: ’

‘M, N, L, [ AUz H,
: L2 M3 N4 AU}‘ Hj
Li_s M, , N_, AU, H,_,
| Ny Ly, M, | | AU}, ] H, ]
(20

Although about twice as costly in computer time as the
nonperiodic block-tridiagonal solvers, the solution algorithms
for Eq. (20) are available.® For the shock boundary-layer
problem Eq. (19) is still applicable; however, the boundary
conditions are U; = U eqream @nd U;=U;_; which produce
the system

Lis My, N,
L Liy (Mp_;+Np |
FAUS TH, ]
AU} H,
x = 2D
AU;_; H;_,
AUT, | M, |

After the computation of AU* at the interior mesh points
we are ready for the implicit y sweep [Eq. (9b)]. Again we use
three-point central-difference approximations to the spatial
derivatives and, for simplicity, we assume locally constant
transport coefficients to obtain

GAL i " 1 u .
|77 (- 2y 517 5 ) Jaur

+(1+ﬂ 2 sH\aun
1+¢ AY? f) I

oAt (1 1 ] )
+ [1+£ (2—A}Bj+1" Ay? Sj+1)]AUj+1=AUj

j=2, J-1 (22)
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For the two sample problems (Fig. 1) we encounter a rigid
wall in the y sweep. For example, in the Couette flow problem
the application of Eq. (22) at j =2 introduces the quantity

Hy= [ﬁﬂ (_ LB;‘— R S'})]AU7
I+& 2Ay Ay?

which requires data at the rigid boundary j=1. If we in-
troduce the no-slip boundary conditions {u#; =0, v; =0) into
B, S, and U [Egs. (A10, Al12, and Al)]

23)

00 -1 0
00 0 0
BIAU = —
00 0 (I-v)
n
00 - g
Pl
Apt 0
0 0
X = 24)
0 (y~1)Ae”
Aef 0
0 0o 0 0 7 [ap7
o £ 0 0 0
S1AUT = Pl
A+2
0 0o 2Ty 0
P
k . k 1
——(%) 0 0 == | A
L G NP Cy P 3 |
_ 0 .
0
- 0
25
k el Ae\”
T
¥Cv 14 p

Hence, we need approximations for [(y~1)Ae"],_, and
[(k/c,) (—ehp/p? +Ae/p)"];=; as functions of the in-

“crements of the conservative variable at the interior points

Jj=2, 3. Note that

n I n
A(—e> :(—Ae—%Ap) +0(AF)
o e P

(26)

and at an adiabatic wall (87/dy|,_, =0) with no-slip con-
ditions (#;.., =v,., = 0) we obtain from Eq. (A8):

13 <e>
1 Cy ay 14
If we use a one-sided three-point difference approximation
for the normal derivative

3 ()= a5 [0, +(),
—(f)}]wmyﬂ

aT

5 =0 27

=1

=

(28)
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and use Egs. (26) and (27) we obtain
1 1 e n
( Ae——Ap) ~[4 —Ae——zAp)
P =1 3L \p p j=2

( fe- % Ap)j 3] 9

which provides the desired expression for the right side of Eq.
(25). Next we seek an approximation of the right side of Eq.
(24). A relation between pressure and internal energy at the
rigid wall can be obtained from Eq. (A7)

I y-n (30)
T8y j=: v oy lj=s '

and between pressure and the velocities from the normal
momentum equation at the wall, Eq. (16). In the present
calculations we have neglected the cross-derivative terms in
Eq. (16) to avoid the coupling with adjacent / mesh points at
the boundary. A more accurate approach, which also avoids
the implicit coupling of adjacent boundary points, would be
to treat the cross-derivative terms explicitly (i.e., as functions
of AU”—!), This later approximation was not tested in the
present calculations and we proceed by neglecting the cross-
derivative terms on the boundary, that is,

‘ap 3’ n
(A + u)ayz p

31
Py (31

=1

Again we use three-point one-sided difference approximations
for the spatial derivatives and combine Egs. (30) and (31) to
obtain

(vy—
24y

<0420 [ (1o (2) 1 (2) |+ ot @2

Note that

-

and recall that A=0 at the no-slip boundary (i.e., 7, =0);
thus, Egs. (32) and (33) provide the expression for Ae?}
required in Eq. (24). If we now combine Egs. (23-25, 29, 32,
and 33) we can write

[ 3Ae? +4Ae% — Aef]

Ap)n +0(At?) 33)

0 g 0 0 0 0 0 0 "[
0 0 0 0 0 0 0
HB = AU" + AU_’?I
¢y 0 ¢33 cy dy; 0 dy; dy
cy 0 0 cy | dy 0 0 dy
(34)
or

where ¢, and dj; represent the nonzero elements of the
““correction’’ matrices C, and Dj;. Similar considerations can
be included at the upper boundary (j=J). Finally, for the
Couette problem the implicit y sweep requires the solution of

AIAA JOURNAL
the block-tridiagonal system
[((M+C)3 (N+D)j ]
L M} N
Lj_; Mj_, Nj_,
L (L+D)j, (M+CYyj_; ]
TaUy ] [ AU ]
AU AU
= : ‘ . 36)
AUj_, AU;_,
L AUG. ;| L AUG ]

The remaining boundary conditions for the shock boundary-
layer problem are combinations of those discussed earlier
and, therefore, are not presented in detail.

IV. Stability

The numerical stability of algorithm (8) was investigated by
applying it to the model linear scalar convective (hyperbolic)
equation ’

6u+ au+ du ~0 37
at 28y

and the diffusive (parabolic) equation

du 62u+b32u N 3%u (38)
ke T N S PIP
a  ax? axdy  ay?

subject to
a,c>0, b?<d4ac (39)

The inequalities (39) are the condmons under which Eq. (38)
is parabolic.

The details of the analysis for the convective equation are
presented in Ref. 9. For example, it is shown that the factored
second-order-temporal-accurate algorithm, that is,

f=11+E (40)
applied to Eq. 37)

(1+ oAt a)(1+ 0AL R a)A R
T+t 1+E 25y )%

... cau+cau)"+£A”1 41
T \Tax Ty ) T ™ @D

is unconditionally stablé for £ >0.

Similarly, it can be shown!* that, when the algorithm is
applied to Eq. (38),

(1 6At . 3’ )(I 6Ar a2 )A ,

o7 e A
1+£%3x2 1+£ a2 )
At aazu b 3u +c82u)n
T I48\ ax? axdy ay?

0Af  ;32AuN"—T &
)

S Ayt 4
7+£°\axay e “2)
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the algorithm is unconditionally stable for the more stringent
condition

(1+28)°
or
£=0.385 (44)

In the numerical examples considered later we chose the three-
point-backward scheme (Table 1), £ =
temporal accuracy was desired.

Y4, when second-order-

V. Added Higher-Order Dissipation

The implicit generalized time-differencing scheme (2) is
(with the exception of the trapezoidal formula) temporally
dissipative except for the longest and shortest wavelengths.®
Since the phase error of the short wavelengths is large, it is
usually necessary to add dissipative terms to damp the short
wavelengths. We chose fourth-order terms which were ap-
pended to the algorithm of Eq. (9) as follows:

6At a?
I n_ *
z+1+g[ (A—P+R,) —(R)" ]}AU
Ax* w, 3¢
—RHS@®) - > “x 9 ym
®-Tris Y “s5a)
1+¢ ¢ 2 }
BN AT AN 45b
B I+¢ 8 3y oy ) (450)
Ut = U+ AU (45¢)

The dissipative terms are of higher order and consequently do
not disrupt the formal accuracy of the method. For the
calculations, the fourth derivatives in Eq. (45) were replaced
by the finite-difference approximations

34
AX Bx =U = i+2, 4U1+11+6U11 [J+UI 2,5 (46&)
i
84
ay? a’ Ul =Uj—4U; 0, +6U,; —4U;_ + Uy,
* (46b)

According to a linear von Neumann stability analysis, the
stable range of dissipative coefficients, w, and w,, is
O<sw=1+2¢. At mesh points adjacent to rigid boundaries
(e.g., j=2, Fig. 1a) the data required for mesh points
‘“‘outside”’ the boundary [i.e., U,o, Eq. (46b)] were obtained
by setting p; 0 =pi; =02, Ujo=—U;2, V9= —"V;,, and
e;o=e;;=e;,. At mesh points adjacent to nonrigid bound-
aries, the dissipative coefficients were set equal to zero.

VI. Numerical Results

Couette Flow

The calculation of unstéady flow between two infinite
adiabatic parallel walls was chosen as an initial test of the
temporal as well as spatial accuracy and stability of the
numerical algorithm and boundary conditions. A 6x11
uniform grid (/=6, J=11) with periodic spatial boundary
conditions in the x direction (Fig. 1a) was used in the
calculations. In the first calculation (Fig. 2) the flowfield and
upper boundary were initially at rest and the lower boundary
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NN © NUMERICAL
Fig. 2 Flow formation in 89 AN --- SCHLICHTING'S |
Couette meotion: u, =100 k,- R \7\ N %
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=0.116x10 "85, r=nar; | p L\ I (NI
initial data: p=0.00234 Ib IR
2 4 ° Adoi
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Fig. 3 Velocity distri-
bution (after transient
decay) between a moving
wall, u(0,0) = u,sin(w?), and
a stationary wall, w{h,1)=0:

1y =100 fps, #=0.1x 104
ft, Ar=0.116x1¢"7 s,

==

\
2
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Fig. 4 Sketch of shock boundary-layer interaction.

had initial velocity u#, in its own plane. The transient
development of the velocity profile between the two walls is
shown in Fig. 2. The exact (incompressible) solution (see, e.g.,
Schlichting ') is shown for comparison. The Courant number
for this calculation was approximately 1. If larger Courant
numbers are used (i.e., greater Af), the transient solutions
deviate from the exact solution; however, the correct steady-
state solution was reached in a smaller number of time
steps—for a Courant number of 100 the steady-state solution
was obtained after 10 time steps.

The next example was chosen to show that accurate tem-
poral solutions can be obtained at Courant numbers much
greater than unity. In this calculation the lower wall was
moving with sinusoidal velocity in its own plane. The time
step Ar was chosen as 1/40 of the period of the oscillation.
Comparison is made with the exact (incompressible)
analytical solution'® in Fig. 3. Although the Courant number
for the calculation was 10, the agreement with the analytical
solution is good for the entire period of oscillation. No
numerical dissipation was added to these calculations.

Shock Boundary-Layer Interaction
The second problem, Figs. 1b and 4, presents a more severe

test for the algorithm. A shock wave interacts with the
boundary layer that develops on the flat plate. If the shock



400 R. M. BEAM AND R. F. WARMING

20—

T,
g Y —— PRESENT CALCULATION (IMPLICIT)
‘?o_ |‘ ——-- MacCORMACK-BALDWIN {RAPID SOLVER}
= 10 1
x '
3 1
ey
5 } P
i)
=
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Fig. 5 Comparison of computational results for shock boundary-
layer interaction problem by implicit (present calculation) and rapid
solver (MacCormack!® and MacCormack and Baldwin!7) methods.
M=2.0,Re,.,. =0.296X10%, xo,. =0.16 f1, 32 X 45 mesh points: a)
velocity gradlenl at wall, b) pressure distribution af wall.

305~ PRESENT CALCULATION {iMPLICIT}
- - MacCORMACK-BALDWIN {(RAPID SOLVER)

25

Fig. 6 Velocity profiles
through the boundary
layer for shock bound-
ary-layer interaction: a)
upstream of separation,
b) at maximum separa-
tion; and ¢) downstream
of separation.

u x 1072 fi/sec

wave has sufficient strength it will cause boundary-layer
separation (as depicted in Fig. 4).

The shock angle ¢ (Fig. 1b) was set equal to 32.6 deg by
proper selection of the postshock boundary conditions. The
parameters IL =5 and IS=2 were selected so that xgyx =0.16

_ft. The freestream Mach number was 2.0 and the Reynolds
number Re,g,, =0.296 x 105,

The computational mesh contained 32x45 mesh points
(I=32, J=45) with uniform mesh increments in the x
coordinate (Ax=0.01 f1) and an exponentially stretched mesh
in the y coordinate for j=1 to 33 and uniform mesh spacing
for j=34 to 45. The mesh increments in the y coordinate
varied from Ay, =0.00010 ft at the plate to Ay, =0.00639
ft at j = 33 as determined by the formulas

AYVmin ) (33-j)/32

Ay; =AYmax ( Ay

1=j=<33

AY; = APy B<jsd—~1
In general, the selection of the grid spacing depends on the
Reynolds number and the Mach number. '¢

No temporal results were available for comparison;
therefore, the steady-state wall-shear velocity and pressure
distributions are .compared (Fig. 5) with those of Mac-
Cormack and Baldwin!” who used the rapid-solver method of
MacCormack.® Similar agreement was obtained in com-
parisons of velocity profiles through the boundary layer (Fig.
6).
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Computational Effort

All calculations were done on a CDC 7600 with an FTN 4.5
level 414 compiler and required only small core storage (for
grids up to 64x50). Based on the shock boundary-layer
calculations, the computational time (CP seconds) per mesh
point per time step, that is,

_ CP seconds
" IxJxnumber of time steps

was 7ns=4.6x'10 % s-which compares favorably with the
calculation time for the inviscid. Eulerian equations®
7 =3.2x10"* 5. The calculations for the shock boundary-
layer equations required less than 100 time steps to reach a
steady state and the maximum Courant number was ap-
proximately 170.

VII. Concluding Remarks

The distinguishing features of the second-order method
described herein include the retention of the conservation-law
form, a direct derivation of the basic scheme, the simplicity of
the computational. algorithm, the use of generalized time
differencing, the ‘“delta’’ formulation, and the second-order
treatment of the mixed spatial derivatives.

The implicit algorithm and numerical examples considered
in this paper are limited to a Cartesian coordinate system with
a uniform mesh or an exponentially expanded mesh in one
direction. However, under an arbitrary time-dependent
coordinate transformation, Eq. (1) retains the same con-
servation form.'* Extensions of the (Cartesian) implicit
scheme described earlier have recently been made for both
inviscid and viscous'®® compressible flows with arbitrary
(two-dimensional) body geometries.

Appendix
For the compressible Navier-Stokes equations the vector of
conserved variables U and flux vectors of Eq. (1) are

r

P 14
pu m
U= = (AD)
pU ’
. | t
pu
pu? +p (m?/p) +p
puv mn/p
(e+p)u (e+p)r/p |
ov (
puv mri/p
G= = (A3)
pv?+p (A%/p) +p
(e+p)v - (e+p)n/p

0

ANu,+v, ) +2uu,
Vl + V2=
vy +y)
pu (i, +0,) +Au(u,+v,) +2puu, + kT, |

(Ad)
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0

plu, +v)
W, +W,=
Muy, +vy) +2p0,
pulv,+u, )y +rv{u,+v,} +2pvv, +k7, |
(A5)
where 4, =9du/dx, etc. The primitive variables are density p,
velocity components # and v, pressure p, and total energy per
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viscous coefficients, which are in general functions of the
temperature 7.
For a perfect gas the pressure p is given by the equation of
state
p=(y—Dle— Y {pu’ +pv?)] (A7)
where v is the ratio of specific heats and the temperature is
given by

_ ] _ 2 2
unit volume e. In addition, T={1/pc,)e— 22 (pu” +pv7)] (A8
h=pu, n= A6 . -
m=pl, n=py (A6) where ¢, is the specific heat at constant volume.
k is the coefficient of heat conductivity, A and u are the The Jacobian matrices 4, B, R, and S [Egs. (4)], are
i o ' -1 ' 4] N/
] t i
3— I— I i j
ruie v : (v—3u L (y=Do 1y
i i H
A=— ! | : (A9)
uv N —v ; —u 0
U R — —~1 i ;
Y U—pud+vty =L + 155 Gt vy | (y= D | —yu
Y i i i
P 0 ; 0 ! —1i [/ I
i i ]
uv : —v ; —u g
] t t
B=—- | ;_ I Lo : (A10)
R S e P(y—Du (y=3v -y
2 2 ! : :
ey ; ; e —1 ;
Y LUyt vv?)y D (y—Duw | -2 +%(3L’2+u2} —
! PP i E
i 0 : 0 H 0 )
1 t i
— (A +2p)u L2 0 1o
R=p~! ! ; ; (ALD)
—pv i 0 f © i 0
. 1 b i
¥_()\+2u_k1"cp)u2-(M_k/cu)yz_(k/cu)(e/p> : ()\+2iu—k/ct)u : (.u'_k/cv)u zk/cv 4
B 0 0 0 ./
H 1
i i t
—uu | 12 i 0 L0
S=p~" : : (A12)
—(N+2p)v i 0 i (A+2u) ;0
= (A +2u—kic, v —(u—kic,yu? — (k/c,y{elo) | lu—kic,yu ! (N+2u—kieyv L k/e,
and, if we neglect the dependence of A and p on # (see Sec. 1), the Jacobian’s Pand Q combined with R, and S, [Eq. (9)] are
0 : 0 | 0 Lo
— (\+2u),u ot L 0 o
—P4+R, =p~1 ' : ) : ! i (A13)
— MY : ¢ : 1225 : 0
{,_(A-*-z”——k/cv)xuz"(I"’_k/cv)xvz_(k/cv)x(e/p): ()\_‘—Zu—k/cv)xu i (”‘_k/cu)xv ; (k/Cv)X
and
0 t 0o 0 L0
Q5= om0 e
—Q+5,=p" | i % Al4
— (M 2p)u : o : (A 2p), i 0 (Al4)

'

L— ()\+2;L—k/('v)yl)2— (u—k/e,) u? - (kic,)y,(efp)) {(p—Kkic,y u | (N+2u—k/e,) v (kic,), J

where the subscripts x and y denote differentiation with respect to x and y.
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